In this paper, we study the properties of exhaustion maps defined on Thullen domains and piece wise smooth intersection domains. In general, "exhaustion between two bounded domains" is a much weaker condition than biholomorphism, but in the above two cases, we are able to show that the two concepts are almost the same. In particular, we generalize Pinchuk's theorems to the case of exhaustion maps in the domains mentioned above.
Introduction and statement of results.
It is well known that two bounded domains in C n , n > 1, are rarely biholomorphically equivalent to each other. In 1907, Poincare showed that the ball and the polydisc in C 2 were not biholomorphic to each other. This result was strengthened by Henkin [7] and Pinchuk [10] to bounded domains with various boundary regularity and convexity conditions. In particular, they have the following remarkable results: THEOREM A ( [10] ). Let D be a convex but not strictly pseudoconvex domain in C n with boundary of class £f 2+ε , ε > 0. Then D cannot be biholomorphic to any bounded strictly pseudoconvex domain.
THEOREM B ( [7, 10] 
By a domain D with piecewise %?
k smooth boundary, we mean that in some neighborhood U of D, there exist real functions p v defined on it, where v = 1, ... , m, such that (a) 3D c UΓ^ > where Sv = {z: p u (z) = 0} (b) for any subset {/i, ... , i q ] c {1, ... , m) , dp iχ N-Άdpi Φ 0, at every point where pi-'-pi = 0. In this paper, we study the conditions when two domains are "almost equivalent" in the sense of exhaustion as defined below. DEFINITION . Let ΰ, 6 be bounded domains in C n . We say that "G can be exhausted by Z>", or "D exhausts G n , if for every Obviously, "exhaustion between two bounded domains" is a much weaker condition than biholomorphism. If D and G are biholomorphic, then they can be exhausted by each other, but the converse is false. The above notion of "exhaustion" was studied extensively in [1] , [2] , [3] . In some situations, exhaustion is almost the same as biholomorphism. For example in [1] , it is shown that the unit ball cannot exhaust the polydisc, or more generally, if D exhausts G and D is a homogeneous bounded domain, then G has to be biholomorphic to [2] 
where:
(a) for each j = 1, ... , k, the inequality pj(z) < 0 defines a strongly pseudoconvex domain with a Ψ 2 boundary, and (b) the defining functions satisfy dpt ι Λ Λ dpi Φ 0 (q < k), at every point where pi = = pi = 0. Obviously, a bounded piecewise ^2 smooth intersection domain satisfies the conditions of Theorem B, so it cannot be biholomorphic to any bounded domain with Ή?
2 smooth boundary. We are able to generalize this to The proofs of these three theorems are similar. They are divided into two steps. The first step is to use the rescaling method introduced in [5], [8] and [11] to construct a suitable limiting domain, with the desirable exhaustion property. The second step is to use the normal families argument [13] to obtain the biholomorphic map from the exhaustion maps.
We would like to thank K.-T. Kim, W. K. To and H. Wu for many helpful discussions.
Lemmas on exhaustion maps between bounded domains.
First we would like to recall the definition of Hausdorff convergence. Given a set S in C", the Hausdorff distance from a point p to S is defined as d(p, S) = inf {Euclidean distance between p and q }, and the Hausdorff distance between two sets S\, S 2 in C n is defined as
[pes 2 qes, J
The Hausdorff i?-seminorm is *: I £/}&>& forms a normal family. Through an induction argument and by passing to a subsequence if necessary, {F k } will converge uniformly on compact sets to a holomorphic map F: D -> G. In the other direction, let S* = i^" 1 :
. Since Z> is a bounded domain and G is exhausted by {F k (Cj c )}, the set of mappings {S k } again forms a normal family. Now using a similar argument as above, one can conclude that {S k } will converge uniformly to S: G -*~D. By Hurwitz's theorem, F and 5 will either be nonsingular at every point, or their Jacobian determinants are identically zero.
The remaining part of the proof is then exactly the same as that in [2] , in which one uses the decreasing property of the Kobayashi metric to show that 
in [2]). Let D, G be two bounded domains in C n . Suppose D exhausts G with a family of exhaustion maps {F k }, and there exists a point q in G such that the set {F^ι(q)} converges to a point p in D. Then D is biholomorphic to G.

Proof of theorems.
Proof of Theorem 1. Let {f k } be a family of exhaustion maps from a Thullen domain D u = {\z\\ 2 B. This set converges to (0, 1) E 5£) w . In this case, we will apply the scaling technique at the point (0, 1), to show that D u has to be biholomorphic to the unit ball.
Consider the translation F(zχ, z 2 ) -{z\, z 2 -1). We have The above two theorems can be easily generalized to domains of the form The proofs will remain the same, except one has to replace the automorphism g by composition of automorphisms of the form: boundary. Again, as in the above two proofs, we would like to consider the limit point of the set {f k ι (q) = P k ), where q is a fixed point in G. Let us denote this limit point by p. If p is in D, then by Lemma 2, D is biholomorphic to G, and this will contradict Theorem B. So p has to be on the boundary. Now, denote the set of singular points on the boundary of D by SQD = {q e dD: ΘD is not smooth at q}. Following Kim's work in [9] , there are three different ways the sets {p k } can approach p edD. For each case, we will use the scaling technique to produce exhaustion mappings from D to a new bounded domain, and then use Lemma 1 to conclude that the new bounded domain is biholomorphic to G. The scaling method in each case has been studied carefully in [9] while investigating the asymptotic behavior of the curvature. Although in that paper the domains considered are more restrictive, the general argument using the scaling technique can be carried through without any change. (A similar technique in dealing with piecewise smooth domains can also be found in [11] .) In Cases 1 and 2, one can show that there exists U, a neighborhood of p in C" , and a sequence of holomorphic mappings 
. Now, if we assume for the moment that the sequence of the image sets {f k (Dn U)} exhaust the domain G, then all the conditions in Lemma 1 are satisfied, so we have D is biholomorphic to G this again contradicts Theorem B.
For the third case, the scaling technique gives a limit domain defined by which is biholomorphic to the unit ball. A similar argument as above shows that it has to be biholomorphic to G and hence G is biholomorphic to the ball, which is exactly the statement of the theorem. Added in proof. After this paper was submitted for publication, it came to the author's attention that some of the results here (Theorems 1 and 2 and the remarks after Theorem 2) had been discovered independently by A. Kodama, S. Krantz and D. Ma (see their preprint "A characterization of generalized complex ellipsoids in C n and related results"). The author would like to thank Professors Krantz and Kodama for friendly communications on this matter.
